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Abstract 



For a bivariate Levy process (£ t , rj t ) t > the generalised Ornstein-Uhlenbeck (GOU) 
process is defined as 
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where z € R. We define necessary and sufficient conditions under which the infinite 
horizon ruin probability for the process is zero. These conditions are stated in terms 
of the canonical characteristics of the Levy process and reveal the effect of the 
dependence relationship between £ and r\. We also present technical results which 
explain the structure of the lower bound of the GOU. 
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1 Introduction and Notation 

For a bivariate Levy process (£, rj) = (£ t , T) t )t>o the generalised Ornstein-Uhlenbeck (GOU) 
process V = (V t )t>o, where Vq = z e R, is denned as 
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It is closely related to the stochastic integral process Z = (Z t )t>o defined as 

Zf.= [ e-t-dri.. (1.2) 
Jo 

The GOU is a time homogenous strong Markov process. For an overview of its properties 
see Mailer et al. [13], and Carmona et al. |4J. Applications are many, and include option 
pricing (e.g Yor [20]), financial time series (e.g. Kliippelberg et al. [ID]), insurance, and 
risk theory (e.g. Paulsen [17], Nyrhinen [T5]). 

In this paper, we present some basic foundational results on the ruin probability for 
the GOU, in a very general setup. There are only a few papers dealing with this, or with 
passage-time problems for the GOU. Patie [16], and Novikov [H], give first passage-time 
distributions in the special case that & = At for A 6 K, and rj has no positive jumps. With 
regard to ruin probability, Nyrhinen [15] and Kalashnikov and Norberg [7J discretize the 
GOU into a stochastic recurrence equation. Under a variety of conditions, they produce 
some asymptotic equivalences for the infinite horizon ruin probability. Other work on 
the GOU ruin probability comes from Paulsen [T7J. In the special case that £ and rj are 
independent, Paulsen gives conditions for certain ruin for the GOU, and a formula for 
the ruin probability under conditions which ensure that the integral process Z t converges 
almost surely as t — > oo. 

Since these papers were written, the theory relating to the GOU, and to the process Z, 
has advanced. In the general case where dependence between £ and r? is allowed, Erickson 
and Mailer [5] present necessary and sufficient conditions for the almost sure convergence 
of Zt to a random variable Z^ as t — > oo. Bertoin et al. [3] present necessary and sufficient 
conditions for continuity of the distribution of Z^ given it exists. Lindner and Mailer [TT] 
show that strict stationarity of V is equivalent to convergence of an integral J*e^ s -dL s , 
where L is an auxiliary Levy process composed of elements of £ and rj. Note that in [11] 
the sign of the process £ is reversed in the definition of the GOU. For our purposes it suits 
to have the GOU in the form Vt := e& (z + Z t ) and to study the behaviour of V in terms 
of Z. 

Our main results are presented in Section 2. Theorem 12.11 presents exact necessary 
and sufficient conditions under which the infinite horizon ruin probability for the GOU is 
zero. These conditions do not relate to the convergence of Z or stationarity of V or to any 
moment conditions. Instead they are are expressed at a more basic level, directly on the 
Levy measure of (£, rj). Theorem 12.31 shows that P(Z t < 0) > for all t > as long as 77 
is not a subordinator. This result is an important building block in the proof of Theorem 
12.11 Finally in Section 2, Theorem 12.41 extends a ruin probability formula in Paulsen [TT] . 
presenting a slightly different version which deals with the general dependent case, and 
applies whenever Z t converges almost surely to a random variable as t — > 00. 
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Section 3 contains technical results of interest, which characterise what we call the 
lower bound function of the GOU, and are used to prove the main ruin probability theo- 
rem. Section 4 contains proofs of the results stated in Sections 2 and 3. 



1.1 Notation 

We now set out our theoretical framework and notation. Let (X t ) t > := (£tjVt)t>o be a 
bivariate Levy process with £ = r] = 0, adapted to a filtered complete probability space 
(Q, JP, F = (J^i)o<t<oo, P) satisfying the "usual hypotheses" (see Protter [18] p. 3), where £ 
and rj are not identically zero. Assume the cx-algebra 3? and the filtration F are generated 
by (f , 77), that is, & := a ((£, rj) t : < t < 00) and & t := a ((£, r/) s : < s < t) . Note that 
the processes V and Z are defined with respect to F. 

The characteristic triplet of (£,77) will be written ((7^, 7^), E^, 11^) where (%,%) G 
M 2 , the Gaussian covariance matrix is a non-stochastic 2x2 positive definite ma- 
trix, and the Levy measure U^^ is a a— finite measure on M? \ {0} satisfying the condi- 
tion J R2 min{|2;| 2 , ^U^^dz) < 00, where | • | denotes Euclidean distance. For details on 
Levy processes see Bertoin [2] and Sato [T9] . 

The Levy-Ito decomposition (Sato [19J, Ch.4,) breaks down (£,77) into a sum of four 
mutually independent Levy processes: 



where and B v are Brownian motions such that (B%, B n ) has covariance matrix E^, 
and Ng jV j(uj, ) is the random jump measure of (£,77) such that E (N^ Vj i(u, A)) = II^A) 
for A a Borel subset of M 2 \ {0} whose closure does not contain 0. We can write (see 
Protter jH], p.31) 



V J\z\>i J 

The characteristic triplets of £ and 77 as one- dimensional Levy processes are denoted 
(7^, cr|, IL?) and (7^, a 2 , LT^) respectively, where 




\z\<\ 




(1.3) 




(1.4) 



n € (r) = n 5jr? (r x r) and n e (r) = n 5fl (M x r) 



(1.5) 



for T a Borel subset of M \ {0} whose closure does not contain 0, 




(1.6) 
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and cr| and are the upper left and lower right entries respectively, in the matrix £f j7? . 
Analagous to (11. 3p . we can write the Levy-Ito decomposition of £ as 

6 = 7^ + 5^+/ x(N^ t (-,dx)-tU c (dx))+ I xN^(-,dx), (1.7) 

J\x\<l J\x\>l 



'\x\<l J\x\ 

where 

7( = ^Ki- / xN^{;dx)) , (1.8) 

V J\x\>l J 

and similarly for 77. For further details on Levy-Ito decompositions, see Sato [19], Chapter 
4. 

A Levy process is said to be a subordinator if it takes only non-negative values, which 
implies that its sample paths are non-decreasing (Bertoin [2], p. 71). 

-b 



Stochastic integrals are interpreted according to Protter [18]. The integral J" is in- 
terpreted as f, b j and the integral as C 6 , . The jump of a process Y at t is denoted 
by AY t := Y t — Yt~. The Levy measure of a Levy process Y is denoted by Hy. If T is a 
fixed time or a stopping time denote the process Y stopped at T by Y T and define it by 
y t T := Y tAT := F min { t T }. For a function /(x) define / + (x) := f(x) V := max{/(x),0} 
and f~{x) := max{— f(x), 0}. The symbol 1a will denote the characteristic function of a 
set A. The symbol =d will denote equality in distribution of two random variables. The 
initials "iff" will denote the phrase "if and only if" . The symbol "a.s" will denote equality, 
or convergence, almost surely. Let T z denote the first time V drops below zero, so 

T z := inf {t > : V t < 0\V = z) 

and T z := oo whenever V t > Vt > and Vq — z. For z > 0, define the infinite horizon 
ruin probability function to be 

ip{z) := P Vg Vt < 0|F = zj = P{T Z < oo). 



2 Ruin Probability Results 

Our results are given in terms of regions of support of the Levy measure II^. We de- 
fine some notation, beginning with the following quadrants of the plane. Let A\ := 
{(x,y) G M? : x > 0, y > 0} , and similarly, let A 2 , A 3 and A 4 be the quadrants in which 
{x > 0, y < 0}, {x < 0, y < 0} and {x < 0, y > 0} respectively. For each i = 1, 2, 3, 4 and 
hGK define 

At:={(x,y)eA:y-u(e- x -l)<0}. 
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These sets are defined such that if (A£ 4 , Ar] t ) e A\ and V t - = u, then AV t < 0, as we 
see from the equation 

AV t = V-V t . 

= e^[z + J e~^-dr] s + e^ f Ar]^j - [z + J e'^'dr], 

= (e €t - e^-){z + J e~^'dr] s ^j + e^e^-Ar] t 

= (e A «< - l)V t - + e A?t A^. (2.9) 

If n < then ^2 = A2 and A4 = 0. As u decreases to —00, the sets A\ shrink, whilst A% 
expand. Define 

Q . _ f sup {u < : IL^Afi > 0} ^ f inf {u < : n^(^) > 0} 

1- \ -00 if n^GAi) = ' 3 ' \o if n^(A 3 ) = 

If n > then A3 = A3 and A" = 0. As u increases to 00, the sets A% shrink, whilst A\ 
expand. Define 

Q . _ J sup {u > : ILt, v (A$) > 0} f inf {« > : ^(A*) > 0} 

2 ' \ if n^(A 2 ) = 0, ' 4 ' I 00 if n^(A 4 ) = 

For each i = 1,2,3,4, note that Tl^^A^) = 0, since in the definitions of Af we are 
requiring that y — u(e~ x — 1) be strictly less than zero. 

Theorem 2.1 (Exact conditions for no ruin for the GOU). The ruin probability ip(z) = 
for large enough z > if and only if the Levy measure satisfies H^ V (A 3 ) = 0, 6> 2 < 6> 4 , 
and: 



when cr| 7^ the Gaussian covariance matrix is of form 
some u e [6*2,6*4] satisfying 
1 



1 -u 

-u u 2 



o-f for 



% + «f« - ~ / ( MX + Z/)n ? ,r,(d(x, y)) > 0; (2.10) 

^ J {y-u{e- x -l)>0}n{x 2 +y 2 <l} 

• when cr| = iae Gaussian covariance matrix is of form = and there exists 
u G [6*2, 6*4] satisfying Ii2.10\) . 

If o~ 2 7^ and £ae conditions of the theorem hold, then ip(z) = for all z > u := whilst 
ip(z) > /or a// z < it. 

J/ o"| = and i/ie conditions of the theorem hold, then ip(z) = /or a// z > v! := 
max{6 ) 2,inf{u > : < \2.10b holds}} , w/wZsi ip(z) > /or a// z < v! . 
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We now discuss some examples and special cases which illustrate and amplify the 
results in Theorem 12.11 

Remark 2.2. (a) Suppose that (£, 77) is continuous. We can then write r] t ) = (7^, ■j r/ t) + 
(B^ t , B Vi t)- Theorem 12 . 1 1 states that ip(z) = for all z > u and ip(z) > for all z < u, 
if and only if there exists u > such that B v = —uB^, and (7^ — \<yf)u + 7^ > 0. 
For example we could have 

77 t ) := (Bt + ct, -S t + (1/2 - c)t), (2.11) 

where c£l. Then Theorem 12. II implies that ip(z) = for all z > u = ^ = 1 whilst 
> for all z < 1. In this simple case, we can check the result directly. Using 
Ito's formula we obtain 

Z t = - f e-^ +cs ^dB s + (1/2 - c) f e~ iB ° +cs *>ds = e~ {B ° +cs) - 1, 
Jo Jo 

and hence a lower bound for Z is —1. 

(6) Suppose that (£,77) is a finite variation Levy process. Then we must have £f jJ7 = 
and |z|n£ )J? (d&) < 00. We can define the drift vector as 



(dfrdri) :=lrj- / Zll^dz) 
J\z\<\ 



\z\<\ 

and write 

i€t,Vt) = (dz,dr,)t+ / zN^ V)t (-,dz). 

In this situation, the conditions of Theorem 12.11 can be made more explicit. Theorem 
12. II states that ip(z) = for large enough z if and only if H£ tV (A 3 ) = 0, 9 2 < # 4 , and 
at least one of the following is true: 

• c?£ = 0, and d v > 0; or 

• d% > and — ^ < #4; or 

• > 0, and < 0, such that — ^ > 6> 2 . 

If the second property holds, then ip{z) = for all z > max{0 2 , — ^7} and ^>(z) > 
for all z < max{#2, ~^}- If t ne other properties hold, then ip(z) = for all z > 62 
and ip{z) > for all z < 62- 

These results follow easily by transforming condition (I2.10P into conditions on 
(d^,d v ). For a simple example, let N t be a Poisson process with parameter A, let 
c > and let 

(t t ,TH):=(-ct + N t ,2ct-N t ). (2.12) 
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Then we are in the third case above, and ip(z) = for all z > 62 = -^f, and ip(z) > 
for all z < -£r. In this simple case, we can verify the results by direct but tedious 
calculations which we omit here. 

(c) The case in which £ and 77 are independent is analysed in Paulsen [IT] . In the 
cases < and E(£i) = 0, and under certain moment conditions, he shows 
that ip(z) = 1 for all z > 0. Theorem 12.11 shows that the situation changes when 
dependence is allowed. The continuous process defined in (12. lip , and the jump 
process defined in (I2.12p . illustrate this difference. Each process trivially satisfies 
Paulsen's moment conditions and can satisfy E(£i) < 0, or = 0, depending 
on the choices of c and A, however it is not the case that ip{z) = 1 for all z > 0. 

(d) If 7] is a subordinator then Z t > for all t > 0, and hence ip(z) = for all z > 0. 
Theorem 12.11 agrees with this trivial case. By Sato [19], p. 137, rj is a subordinator if 
and only if the following three conditions hold: 

• = 0, so 7] has no Brownian component; 

• II^((— 00, 0)) = 0, so i] has no negative jumps; 

• drj > 0, where 

d v :=l v - / y^(dy) = E (r]i — / yN V!l (; dy) J . 

^(0,1) V J (0,00) J 

Note that when II 7? ((— 00, 0)) = 0,then d v exists and d v G [— 00,00), where 
d v = -00 iff J (0 x) yn^(dy) = 00. 



Now cr^ = implies that E^^ 



a\. When 77 has no negative jumps, then 



1 


Il^ tV (A 3 ) = = n^ fl (y4 2 ), and hence = 9 2 < #4. The third property, d v > 0, implies 
that (12.1 Op is satisfied for u = 0, since (11.61) implies that 



%- yRt,v( d ( x >y)) = 717- / yn^(d(x,y)) 

^{y>0}n{x' 2 +?/ 2 <l} ^(-l,l)x(0,l) 

Hence, Theorem 12.11 verifies that ip(z) = for all z > u = 0. 

(e) The expression on the left hand side of (I2.10p always exists whenever the remaining 
conditions of the theorem are satisfied, however it may have the value —00. If all 
conditions of the theorem are satisfied then 

/ (y- u(e- x - 1)) U^ v (d(x, y)) < 00. (2.13) 

J {y-u(e~ x -1)6(0,1)} 
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On first viewing, (I2.13P may seem counterintuitive, as it places a constraint on the 
size of the positive jumps of V. However, if (12. 13[) does not hold, and all the other 
conditions, excluding (12.101) . are satisfied, then the Levy properties of (£,77) imply 
that Vt can drift negatively when Vj_ = u. These statements are discussed further 
in Remark 13.51 following Theorem I3.4L 

Theorem 2.3. The Levy process 77 is not a subordinator if and only if P(Zt < 0) > 
for any fixed time T > 0. 

One direction of this result is trivial and has been noted above, namely, if 77 is a 
subordinator then P(Zt < 0) = for any T > 0. The other direction seems quite 
intuitive and in fact is implicitly assumed by Paulsen jTTj in the case when £ and 77 are 
independent. However even in the independent case the proof is non-trivial. We prove it 
in the general case using a change of measure argument and some analytic lemmas. As 
well as being of independent interest, this result is essential in proving Theorem 12. 11 

The final theorem in this section provides a formula for the ruin probability in the case 
that Z converges. Recall that T z denotes the first time V drops below zero when Vq = z, 
or equivalently, the first time Z drops below —z. 

Theorem 2.4. Suppose Z t converges a.s to a finite random variable Z^ as t — > 00, and 

letG(z) := P(Z 00 < z). Then 

ip(z) - 



E (G(-V Tz )\T z < 00)' 
Note that G(— Vt z ){oj) := P [y G Vt : Z^iy) < — Vt z (uj)) . It is defined whenever T x (u) < 



00. 

Remark 2.5. (a) In the case that £ and 77 are independent, Paulsen jTTJ shows, under 
a number of side conditions which ensure that Z t converges a.s to a finite random 
variable Z^ with distribution function H(z) := P{Z OQ < z) as t — > 00, that 

/n H(-z) 



E(H(-V Tz )\T z <oo)' 

This formula is a modification of a result given by Harrison [6] for the special case in 
which £ is deterministic drift and 77 is a Levy process with finite variance. Theorem 
12.41 extends the formula to the general dependent case. Our proof is similar to those 
of Paulsen and Harrison, however we write it out in full because some details are 
different. 
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(b) Erickson and Mailer [5] prove that Z t converges a.s to a finite random variable Z 
as t — > oo if and only if 



f ( In I2/I \ 
lim £ t = +00 a.s and / — — — -- - n„(dw) < 00 

Mr-e,e] \M^\y\)J 



where, for x > 1, 



A^(x):=l + J U^((z,oo))dz. 



Lindner and Mailer [TT] prove that if V is not a constant process, then V is strictly 
stationary if and only if J °°e^"dL s converges a.s to a finite random variable as 
t — > 00, where L is the Levy process 

L t := Vt + J2 ( e " A6 " X ) Ar )s ~ tCav(B itl , B v>1 ), t > 0. 

0<s<t 

In neither of these cases do the conditions of Theorem 12.11 simplify. Each of the 
processes defined in ( 12.1 ip and (I2.12p can belong to either of these cases, or neither, 
depending on the choice of constant c and parameter A. 

(c) Bertoin et al. [3] prove that if Z t converges a.s to a finite random variable as t — ► 
00, then has an atom iff Z^ is a constant value k iff P [Z t = k(l — e~^) Vt > 0) = 
1 iff e - ^ = e(—T]/k), where e(-) denotes the stochastic exponential. In this case it is 
trivial that ip(z) = for all z > —k. Theorem 12 . II produces the same result, however 
this will not become immediately clear until Remark 13.31 (2) following Theorem! 



3 Technical Results of Interest 

This section contains technical results needed in the proofs of Theorems 12.11 and 12.31 
which also have some independent interest. Recall that the stochastic, or Doleans-Dade, 
exponential of a semimartingale W t is denoted by e(W) t - 

Proposition 3.1. Given a Levy process £ with characteristic triplet (7^,o"g,II^) there ex- 
ists a Levy process W adapted to the same filtration, such that = e(W) t , where (£, W) 
is the bivariate Levy process with characteristic triplet ((7^, jw), ^£,w, ^,w) defined as 
follows: 

(3.14) 

the Levy measure IT^iy is concentrated on {(x,e~ x — 1) : x G M} so that 

n W r((-oo,-i]) = o 



1 -1 
■1 1 
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and 

U W {A) = n 5 (-ln(A + 1)) when A C (-1, oo), 

and 



7 ? + 7iy = ^|+/ (x + e^-^n^dx). (3.15) 



>x 2 +(e- x -l) 2 <l 

We define the lower bound function 5 for V in (11.11) as 



<f(«) = inf |m G R : P (inf ^ t < u|V = > 

The following theorem exactly characterizes the lower bound function. 
Theorem 3.2. The lower bound function satisfies the following properties: 

(a) For all z6l, 6(z) < z. 

(b) If Z\ < z 2 then S(zi) < S(z 2 ). 

(c) Let W be the Levy process such that = e(W) t . Then 5(z) = z if and only if 
7] — zW is a subordinator. 

(d) For all z G R, 5(z) = 6(6(z)), and 

S(z) = sup {u : u < z, i] — uW is a subordinator} . 

Remark 3.3. (a) If 77 is a subordinator then 6(0) = 0, so V cannot drop below zero when 
V o = z>0. 

(b) As noted in Remark 12.51 (3), if Z t converges a.s to a finite random variable as 
t — > 00, then has an atom iff = e(—r]/k). If this holds then S(—k) = —k, 
since t] + k (—rj/k) = and hence is a subordinator. Thus ip(z) = for all z > —k, 
as mentioned in Remark 12.51 (3). 

Theorem 3.4. Let u G R. With W defined as in Proposition ^ '. 1\ the Levy process rj — uW 
is a subordinator if and only if the following three conditions are satisfied: the Gaussian 
covariance matrix is of the form 



1 -u 

-u u 2 



< (3-16) 



at least one of the following is true: 

• 11^(^3) = and 62 < O4 and u G [82, #4]; 
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• U^Az) = and 9 1 < 9 3 and u e [9i, 9 3 }; 

• U^r,(A 3 ) = ^, V (A 2 ) = anduE [9 U 4 ] ; 
and in addition, u satisfies A2.10\) . 

Remark 3.5. In Remark 12.21 (4) we stated three necessary and sufficient conditions for a 
Levy process to be a subordinator. These three conditions correspond respectively with 
the three conditions in Theorem 13.41 as we shall see in the proof. In particular, (12.101) 
is equivalent to the condition d v ^ u w > 0. As noted in Remark 12.21 (4), if the first two 
conditions of Theorem 13.41 hold, then d v _ u w G [—00,00), thus ensuring that (12.101) is 
well defined. Further, if all three conditions hold, then J, Q ^ zU T) - u w(dz) < 00, which we 
will show to be equivalent to fl 2 . X 3 1) . Note that if 77 — uW has no Brownian component, 
no negative jumps, but f, Q ^ zH v - u w{dz) = 00, then, somewhat suprisingly, 77 — uW is 
fluctuating and hence not a subordinator, regardless of the value of the shift constant 
lr]-uw- This behaviour occurs since d v _ uW = —00, and is explained in Sato [19], pl38. 

4 Proofs 

We begin by proving Theorem 12.31 For this proof, some lemmas are required. In these we 
assume that X = (£, if) has bounded jumps so that X has finite absolute moments of all 
orders. Then, to prove Theorem 12.31 we reduce to this case. 

Lemma 4.1. Suppose X = (£,77) has bounded jumps and E(j]x) = 0. If we let T > be a 
fixed time then Z T is a mean-zero martingale with respect to F. 

Proof. Since 77 is a Levy process the assumption E(j]i) = implies that rj is a cadlag 
martingale. Since £ is cadlag , e~^ is a locally bounded process and hence Z is a local 
martingale for F by Protter [IB] , p. 171. If we show that E (sup s<t \Zj\j < 00 for every 
t > then Protter [18], p. 38 implies that Z T is a martingale. This is equivalent to showing 
E (sup t<T \ Z t \) < 00. Since Z is a local martingale and Z = 0, the Burkholder-Davis- 
Gundy inequalities in Lipster and Shiryaev [12] . p. 70 and p. 75, ensure the existence of 
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b > such that 
E 



( sup / 

\0<t<T Jo 



-di] s 



< bE 



bE 



ll/2 N 



T \ V2 N 







< If / sup e -2ft d[77 , 77], 

JO 0<*<T 

I sup e~^[?7, 77] j^/ 2 ) 

\0<t<T J 



< b 



« 



sup e 

0<t<T 



-26 



1/2 



(E([ V , V } T )) 1/2 



where the second inequality follows from the fact that [77,77] s is increasing and the fi- 
nal inequality follows by the Cauchy-Schwarz inequality. (The notation [-, •] denotes the 
quadratic variation process.) Now 

E{[ v ,ri]T) = o*r + E( ( Ar ?) 2 ) =°iT + T I x 2 n,(dx), 

\0<s<T J 

which is finite since 77 has bounded jumps. Thus it suffices to prove E (sup 0<t<T e~ 2 ^') < 
00. Setting Y t = e~^ t /E(e~^ t ), a non-negative martingale, it follows by Doob's maximal 
inequality, as expressed in Shiryaev [TJ, p. 765, that 



-26 



E sup 



o<t<T (E(e-^)Y 



< 4 



E (e~ 2 ^) 
(E(e-tr)f 



which is finite since £ has bounded jumps and hence has finite exponential moments of all 
orders (Sato [T9J, p.161). It is shown in Sato [19], p.165, that (E( e -^)) 2 = (E(e~^)) 2t . 
Letting c := (^(e - ^)) 2 G (0, 00), the above inequality implies that 

E ( sup e~ 2 ^' j < max{l, c T }E ( sup — — ) 
\0<t<T J \o<t<T c J 



< 00. 



□ 

We now present two lemmas dealing with absolute continuity of measures. These 
lemmas will be used to construct a new process W such that W T is a mean-zero martingale 
which is mutually absolutely continuous with Z T . Then P(Zt < 0) > if and only if 
P(Wt < 0) > 0, and the latter statement will follow immediately from the fact that W T 
is a mean-zero martingale. 
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Lemma 4.2. Let X := (£,77) and Y := (t, z/) be bivariate Levy processes adapted to 
(Q,JP, F, P), and let Z t := J^e~^ s ^dr] s and W t := f e~ Ta ~dv s . If the induced probability 
measures of X T and Y T are mutually absolutely continuous, then the induced probability 
measures of Z T and W T are mutually absolutely continuous. 

Proof. Let P([0,T] — > M 2 ) denote the set of cadlag functions from [0, T] to M 2 and 
^ 2 [o,t] QignQ^g cr-algebra generated in this set by the Borel cylinder sets (see Kallen- 
berg [8]). Then the induced probability measures of X T and Y T can be written as P x t 
and P y t on the measure space (D([0,T\ -> M 2 ),^ 2 [°- T ]) . Let C := {C',C") be the co- 
ordinate mapping of (P([0,T] — ► M 2 ), e^ 2 ' '^) to itself. Define the process Z' on the 
probability space (D{[0,T] ^ R 2 ), £g 2 ^ T \ P x t) by Z' t := f* e - c '-dC'j. Define W on 
(D([0,T] -> R 2 ),^ t \P y t) by := ^V^-dC^. Note that Z' and W are different 
processes since they are being evaluated under different measures. Now Z = X o Z 1 and 
W = Y o W. Hence P(Z T G A) = P x r(Z' G A) and P(W T G A) = P yr (W G A). Since 
P x t and PyT are mutually absolutely continuous, Protter [18], p. 60 implies that Z' and W 
are P^r-indistinguishable, and PyT-indistinguishable. So P x t{Z' G A) = P x t(W' G A). 
Since P^t and PyT are mutually absolutely continuous P x t(W G A) = iff P y t(W' G 
A) = which proves P{Z T G A) = iff P(W T G A) = 0, as required. □ 

Lemma 4.3. If X := (£,77) has bounded jumps, E(j]i) > 0,7] is not a subordinator, andr\ 
is not pure deterministic drift, then there exists a bivariate Levy process Y := (r, u) with 
bounded jumps, adapted to (Q, JP, F, P), such that X T and Y T are mutually absolutely 
continuous for all T > 0, and E{v\) = 0. 

Proof. As mentioned in Remark 12.21 (4,) the Levy process rj is a subordinator if and 
only if the following three conditions hold: a 2 = 0, rL/((— 00, 0)) = 0, and d v > where 
d-n := 7?? — J(o 1) V^-ri(dy). Thus it suffices to prove the lemma in the following three cases. 

Case 1: Suppose a rj ^ 0. Given dependent Brownian motions and B v there exists 
a Brownian motion B' independent of B v , and constants a\ and a 2 such that (P^, B r] ) = 
(aiB' + a 2 B v , B v ). Using the Levy-Ito decomposition, X can be written as the sum of 
two independent processes as follows; 

x t = (6 , m) = (£ + B Lt , V ' t + B v , t ) 

= D (% + aiB' t , rjl) + (a 2 B v>t , B n>t ), 

where (£' , 77') is a pure jump Levy process with drift, independent of (Pg , B v ). Let 
c := E(rji) and define the Levy process K by 

Y t := + a x B' t , 7$ + (a 2 (B ri>t - ct) , - ct) . 

It is a simple consequence of Girsanov's theorem for Brownian motion, e.g. Klebaner j9], 
p. 241, that the induced measures of B^ t and B V;t — ct on (P([0,T] — > R), SS^ ,T ^) are 
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mutually absolutely continuous. It is trivial to show that this implies that the induced 
probability measures of (e^-B^t , B v t ) T and (a 2 (-B J)jt — ct) , B r)t — ct) T are mutually abso- 
lutely continuous. Using independence, this implies that the induced probability measures 
of X T and Y T are mutually absolutely continuous. Note that if we write Y as Y = (r, v) 
then Ut — r)t — ct so E(i>\) = as required. 

Case 2: Suppose a v = and Il r) ((— oo,0)) > 0. We can assume that X has jumps 
contained in A, a square in M. 2 , i.e for alH > 

(Af t , Ar) t ) G A := {(x, y) G M 2 : -a < x < a, -a < y < a}. 

For any < b < a define the set T C A by 

r := {(x, y) G M 2 : -a < x < a, -a < y < -b}. 

A Levy measure is a- finite and I1 J) ((— oo, 0)) > so there must exist a b > small enough 
such that n x (r) > 0. 

By Protter [18], p. 27, we can write X = X + X where X t := (C,t,Vt) is a Levy pro- 
cess with jumps contained in A \ T and X t := (£t,Vt) is a compound Poisson process 
independent of X, with jumps in T and parameter A := ilj5c(r) < oo. So we can write 
Xt = E*iCi where N is a Poisson process with parameter A and (Cj)j>i := {C[, C" )j>i is 
an independent identically distributed sequence of two dimensional random vectors, inde- 
pendent of N, with Ci G r. Let M be a Poisson process independent of N, Cj and X, with 
parameter r\ for some r > 1. Define the Levy process Y by := X t + Ylt=i Ci- We show 
the induced probability measures of X T and Y T on fD([0, T] — > M),^[°' T 1) are mutually 
absolutely continuous. Since X is independent of both compound Poisson processes, this 
is equivalent to showing the induced probability measures of 52f=i anc ^ Si=i Q are 
mutually absolutely continuous. Let A G ^' 0,T 1 and note that 

Nt = 7i \ P (Nt — n) ■ (4.17) 

Since N is a Poisson process, P(N t = n) > for all n G N. Thus the left hand side of 





( 14TT7|) is zero if and only if P N E£i ^ 



iV T = n = for all n G N. 



G A 

0<t<T 

For any Poisson processes, regardless of parameter, Kallenburg [8], p. 179 shows that 
once we condition on the event that n jumps have occurred in time (0, T], then the jump 
times are uniformly distributed over (0,T]. This implies that 




N T = n 




M T = n 
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Thus p M e£i c *) 0<t<T 6 A = if and onl y if p I(eS Ci )o<<<T G A ) = °' which 

proves that the two measures are mutually absolutely continuous, as required. 

Recall that Y t =: {r t ,u t ) = X t + Ef=i ^ where x ■= ilv) and C i ■= ( C i, C i) e r - 
Thus z/ t = rfc + Y.f=x C" which implies that tEfa) = tE{fj 1 ) + r\tE(C'f) where > 
E{Vi) — 0- Choosing r = £'(?yi)/|A^(Cf)| gives E{i>i) = as required. 

Case 3: Suppose a v = 0, II r? ((— oo, 0)) = 0, and d v < 0, where we allow the possibility 
that d v = — oo. If n.^((0, oo)) = then rjt = d v t is deterministic, and this possibility has 
been excluded. So II^((0, oo)) > 0, and we can assume X has jumps contained in A where 
we define the set A := {(x, y) G IR 2 : —a < x < a, < y < a}. For any < b < a define 
the set C A by := {(x,y) G R 2 : -a < x < a,b < y < a}. 

We can write X = X^ + X® where X^ := (£ t \fj t ^) is a Levy process with jumps 
contained in A \ and X^ : = , rjt^) is a compound Poisson process independent 
of X®, with jumps m rW and parameter A (fc) := n x (rW) < oo. 

If djj G (—00,0) then E (fj t ^) = d v t + t J^ Q b ^ xll v (dx) . Since lim^ J. Q „ xIL^dx) = 0, 
there exists 6 > such that (?7r^) < 0. If <i r/ = — oo then J. Q ^ xll^(dx) = oo. Note that 

i^(?7i) = + -E (jji^ J e (0) °°) since jumps are bounded, whilst 

limE (fjt^) = lim / xILfdx) = oo. 
Ho V ) bioJ {ba) 

Hence there again exists b > such that E {fit ) < 0. 

From now on we assume b > is small enough such that E {fit ) < 0. Since a 
Levy measure is a-finite and II r) ((0, oo)) > we can also assume Ilx(r^) > 0. Thus we 
drop the ^ from our labelling. We can write X t = Yli^i Ci where N is a Poisson process 
with parameter A and (Cj)j>i := {C[, Cf)i>i is an independent identically distributed 
sequence of two dimensional random vectors, independent of N, with d G T. Let M be a 
Poisson process independent of N, Ci and X, with parameter rX for some r > 0. Define 
the Levy process Y by := X t + 5^ i= \ Then the induced probability measures of 
X T and Y T are mutually absolutely continuous by the same proof as used in Case 2. If 
Y =: (r, v) then z/ t = r/ t + J2i=i C'l with Cf G [b, a]. Since -E(^i) < for our choice of 
< b < a, choosing r = \E(fji)\/ \E(C") gives the result. □ 

Theorem \2.3[ We first reduce to the case that X = (£,77) has bounded jumps. Take a 
general (£,77), let a > and define 

A := {(x,y) e R 2 : -a < x < a, -a < y < a} . 

We can write X = X + X where X t := (£,t,Vt) is a Levy process with jumps contained 
in A and X t := (£,t,Vt) is a compound Poisson process, independent of X, with jumps in 
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I 2 \ A, and parameter A := Tl x (M. 2 \ A) < oo. Note that 

X t := 2J AX S 1 R 2\ A (AX S 



0<s<< 



and by Poisson properties, P{X t = 0) > for any t > 0. 



Suppose that P ^ f Q e~^-dfj s < 0J > 0. Then P(Z T < 0) > 0, because 



T 



P / e^-drfe < 



X T = Oj P {X T = 
X T = ] P (X T = 





= pQT e^'dr^ < ) P (X T = 
> 0. 



Further, note that 77 is not a subordinator iff we can choose a > such that 77 is not a 
subordinator. If ai > or d v < then any a > suffices. If II^((— 00, 0)) > then we can 
choose a > large enough such that Il^((— a,0)) > 0. The converse is obvious. Thus the 
theorem is proved if we can prove it for the case in which the jumps are bounded. From 
now on assume that the jumps of X = (C,,i]) are contained in the set A defined above. 
Note that this implies that P(r/i) is finite. 

If 77 is pure deterministic drift, then r] t = d n t where d v < 0, since r] is not a subordinator. 
In this case the theorem is trivial, since Z is strictly decreasing. Thus, assume that 77 is 
not deterministic drift. We first prove the theorem in the case that — c := P(?7i) < 0. Note 
that 

P(Z T <0) = pQf e't-dfa + cs) -J e'^-d(cs) < 0^ 



> 
> 



P 
0. 



T 



e ^d(r] s + cs) < 



The final inequality follows by Lemma 14.11 which implies that f^e ^ _ d(r/ s + cs) is a 
martingale, so E ( e~^ s -d(r] s + cs) j = 0. Note that e~^ s ~d(r] s + cs) is not identically 
zero due to our assumption that 77 is not deterministic drift. 

Now we assume that c := E(i]i) > 0. Lemma T4.3I ensures there exists Y := (r, v) with 
bounded jumps, adapted to (f2, J?~,F, P), such that X T and Y T are mutually absolutely 
continuous for all T > 0, and E{v{) = 0. If we let W% : = J^c~ Ta ~dv s then Lemma 14.11 
ensures that W T is a mean-zero martingale. We prove that Wt is not identically zero 
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Firstly if v is deterministic drift then W is either strictly increasing, or strictly de- 
creasing, hence Wt is not identically zero. If v is not deterministic drift then the quadratic 
variation [u, u] is an increasing process. Hence 



jf e- T *-dz/ s ,^ e - T °-dis s \ T = (J e- 2Ts -d[z/,z/]^ >0. 

If Wt is identically zero then W t must be identically zero for all t < T, since W T is a 
martingale. Thus [W, W]t = 0, which gives a contradiction. 

Since W is not identically zero, and E(Wt) = 0, we conclude P(Wt < 0) > 0. 
However, Lemma 14.21 ensures that the induced probability measures of Z T and W T are 
mutually absolutely continuous. Hence P{Z T < 0) > 0. □ 

Theorem 12.11 follows from Theorems 13.21 and 13.41 So we now prove these theorems. 

Theorem \3.2i Property [1] is immediate from the definition while Property [2] follows from 
the fact that V t is increasing in z for all t > 0. Let W be the process such = e(W) t . 
Then for any n6R, 

V t = e Ct + J Q e~ e *~*7*^ 

= e il (z + J e~^-d{r] s - uW s ) + u J e'^-dW^J 
= e ?t + jf e~^-d{r] s - uW s ) + w(e^ f - 1)^ 
= u + e^^z-u + J e~^ s - d(r) s - uW s )*j . 

Now if 77 — zW is a subordinator then J Q * e~^ 3 -d(r] s — zW s ) > so 5(2;) = 2. By Theorem 
12.31 if 77 — zW is not a subordinator then for some t and some e > 0, 

P Qf e-^-d(r] s - zW s ) < -e \ > 

and so, with V = z + e and u = z, 

P ( inf V t < z\V = z + e 
\t>o 1 

P (jnf 1 2 + + jf e~ ?s -rf(^ - zlf s )j J < 2 

> 0, 

which implies that < 5(2; + e) < z and establishes Property [31 
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Property[3]implies PropertyHJif r]—5(z)W is a subordinator. So suppose that rj—S(z)W 
is not a subordinator. Then from the argument above we know that for some e > 0, 
S(5(z) + e) < 5(z). Let T u = inf{t > : V% < u}. By definition of 5 we have that 
P(Ts( u ) +t < oo) > 0. By the strong Markov property of V t , if u < z, 

P ^infV t < <J(«)|y = z 

= P (mfV t+Tsiu)+e < 6(u)\Vo = 

P Mnf ^+T 4(u)+e < |T 5(u)+e < oo, V = z^j P (T S{u)+t < oo) 

> P [M V t < 5{u) | V = S(u) + e^jP (T S{u)+t < oo) 

> 0. 

This contradiction proves Property HI □ 

Proposition \3 . 1[ This proof is similar to a proof in Bertoin et al. [3]. We reference this 
paper for one of the tedious calculations. Protter [18], p. 84, proves the following formula, 
and shows that it defines a finite valued semimartingale: 

e(W) t = e w ^ w > w ^ J] (l + AW s )e- AW % 

0<s<t 

where [W, W] c denotes the path-by-path continuous part of [W, W]. Thus 

-& = kie(W)t = W t -^\W,W] B t + (ln(l + AW s )-AW s ). (4.18) 

0<s<t 

So A£ t = — ln(l + AW t ) whenever AW t G (—1, oo), and correspondingly, 

AW t = e~ Ht - 1. (4.19) 

This proves the statements concerning the Levy measures IT^iy and IT^. 

It is easy to show that [W, W\l = a^t whenever W is a Levy process. It also follows 
easily from the definition of the random measure N\y,t{-, dx) that 

(ln(l + AW S ) - AW S ) 1 A (AW S ) = / (ln(l+x)-x)N Wjt (;dx) 



0<s<t 



whenever is not contained within the closure of A. Since Protter [18], p85, shows that 
the series ^ 0<s<t (hi(l + AW S ) — AW S ) converges a.s, it follows that the equality holds 
for any A. Hence (14.181) becomes 

-it = W t -\a 2 w t+ [ {ki{l + x)-x)N Wjt {;dx). (4.20) 

1 ■/(-l.oo) 
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The Brownian motion component of a Levy process is independent of the jumps and drift. 
Thus for equality to hold in the above equation, we must have B w = —B^, which proves 

(E35). 

The proof of (13. 151) closely follows the method of proving Theorem 2.2 (iv) in [3], and 
we do not include it. □ 



Theorem \3.4\ The Levy process £(«) : = n - uW is a subordinator if and only if the 
following three conditions hold: cr| (n) = 0, H S (u) ((— oo,0)) = 0, and d S (u) > where 

d s( u) := E (s[ u) - / (0 oo) zN s(u ) tl (-, dz)j . 

Note that cr| (u) = is equivalent to B n —uB w = 0, which is equivalent to B v = —uB^ 
by Proposition 13. 1[ which establishes (I3.16p . 

We show that S^ u > has no negative jumps if and only at least one of the dot point 
conditions of the theorem hold. Using (14.191) we see that AS[ u) = A Vt - u (e~ A ^ - l) . 
If u > then A^ (u) < requires (A^,A?7 t ) be contained within A 2 , A3, or A4. Every 
(A£ f , Ar] t ) G A3 produces a AS^ < 0. Recall that the value 62 is the supremum of all 
the values of u > at which there can be a negative jump ASl u) with (A£,Ar?) e A 2 . 
Note that at u = 82 such a jump is not possible. The obvious symmetric statement holds 
for #4. Hence, if u > then can have no negative jumps if and only if U^ ;Tt (A 3 ) = 0, 
6 2 < 9 4 and u G [0 2 ,0 4 ]. 

If u < then A^ (u) < requires (A£t, Arjt) be contained within Ai, A2, or A3. Every 
(A£ 4 , Ar] t ) G A 2 produces a ASj < 0. Recall that the value 6 1 ! is the supremum of all 
the values of u < at which there can be a negative jump ASl u) with (A£,Ar?) e Ai, 
and at w = Q\ such a jump is not possible. The obvious symmetric statement holds for # 3 . 
Hence, if u < then can have no negative jumps if and only if n^ r? (A 2 ) = 0, Q\ < 63 
and u G [6*i, #3]. 

Finally, if n^j ) (A 3 ) = n^^(A 2 ) = then 6*3 = O2 = and so both of the above are 
satisfied when u G [#1, $4]. 

We now show that when the above two conditions hold, d S ( u ) > is equivalent to 
(12.101 ) We first use (11.61) to convert (13.151) into a relationship between the constants 7^ 
and 7jy, from the individual characteristic triplets of £ and W. It becomes 

7? + Iw = + / (arl(_i,i)(a;) + (e"* - l)l ( -i n2 ,ao)(z)) ^(dx). (4.21) 
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Note that for any Borel set A 



zN v - uW ,i(-Az) = I (x + y)N- uW>vA (-,d(x,y)) 

{x+yeA} 

(y - ux)Nw, v ,i (;d(x,y)) 

{y—ux&A} 

(y-u(e-*-l))Nt )ritl (;d(x,y)). 

{y-u(e~ x -1)SA} 

The expected value of each of the Brownian motion components of r\ and W is zero, as is 
the expected value of the compensated small jump processes of rj and W. Thus 

d S (u) 



Eirn-uWi- zN Vl „ uWl (-,dz)\ 

V </(0,oo) / 



%-wyw + Ei / yN Vtl (-,dy)-u xN WA (-,dx) 

\J\y\>l J\x\>l 

zN m _ uWl (-,dz) 

(0,oo) 

j v -uj w + E[ I yN v>1 (;dy) -u I (e~ x - l) N^(-, dx) 

\J\y\>l J(-oo,-bx2) 



{y-u{e~ x -1)>0} 



'M>1 J{-ac-\n2) 

(y-u[e- x -\))N^ x {-^[x,v)) 



Ir, + - ~ua? + E[ I (yl\ v \>i - uxl\ x \<i - u{e x - 1) 
- (y - u{eT x - 1)) l{y-«(e-»-i)>o}) JV'e.tj.iC", d(a:, j/)) 

1 2 



-El (ux + y)N^ ri>1 (;d(x,y)) 

\J {y-u(e~ x -l)>0}n{(-l,l)x(-l,l)} 
- M ~ 1 2 



-El (ux + y)N^ A (-,d(x,y)) 

\J {y-u(e~ x -l)>0}n{x 2 +y 2 <1} 

where the third equality follows using (14.211) . the fourth equality follows since has 
no negative jumps, so N^ Vt i ({y — u{e~ x — 1) < 0}) = 0, and the final equality follows 
by (11.61) . Thus we are done if we can exchange integration and expectation in the above 
expression. Now if f(x, y) is a non-negative measurable function and A is a Borel set in 
IR 2 then the monotone convergence theorem implies that 



E[ I f(x,y)N^ A (;d(x,y))j = / f(x,y)U^ v (d(x,y)). 
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For general f(x, y), if J A f + (x, y)U i>v (d(x, y)) or J A f (x, y)U^ v (d(x, y)) is finite, then the 
following is well-defined; 



El / f(x,y)N^ l (.,d(x,y)) 



f + (x,y)U^ v (d{x,y)) - / / (x,y)Il^ v (d(x,y)) 

A J A 



f(x,y)U i)V (d(x,y)). 

A 

However, using the fact that < e~ x — 1 + x < x 2 whenever \x\ < 1, we have 

(ux + y)'U^ v (d(x,y)) 

{y-u(e-*-l)>0}n{x 2 +y 2 <l} 

-(ux + y)l {ux+y <Q } Il^ v (d(x, y)) 

{y-u(e- x -l)>0}n{x 2 +y 2 <l} 

< / (y-u(e~ x - 1) - (ux + y)) l {ux+y < 0} U i)V (d(x,y)) 

J {y-u(e-*-l)>0\C\{x 2 +y 2 <l} 



= / -u(e x - 1 +x)l{ ux+y <o}U^ ri (d(x,y)) 

J {y-u{e-* -l)>0}n{x 2 +y 2 <1} 

< / \u\x 2 l {ux+y < 0} Il tri (d(x,y)) 

J {y~u(e- x -l)>0}n{x 2 +y 2 <1} 

< \u\ / min {l, x 2 } Il^(dx), 



which is finite since 11^ is a Levy measure. □ 

Theorem \2.1[ Clearly ip(z) = if and only if 5(z) > 0. By Theorem 13.21 this is equivalent 
to the condition that there exists < u < z such that 5(u) = u. Combining this fact with 
Theorem 13.41 proves Theorem 12.11 □ 

Theorem \2.4\ Define 

POO 

U t :=e^{Z OQ -Z t )=e^ / e-t-dr},. 

Jt+ 

Note that since we are integrating over (t, oo) there are no predictability problems 
moving e& under the integral sign, as there would have been if we were integrating over 
[t, oo). Thus U t = e~^ 3 ~~£ t 'dr) s , from which it follows, from Levy properties, that U t 
is independent of J^t and that Ut z conditioned on T z < oo is independent of JF Tz . 

Since (£, if) is a Levy process we know that for any u > and t > 

(|«-, fju) ■= {i{t+u)~ - 6 , Vt+u - rjt) =d (€u-,Vu)- (4.22) 
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Thus 



poo poo 

Jt+ Jo+ 

"OO POO 

e -tt(t+»)--6)d( %+u - r}t) = / e-^-dr} u 
'o+ Jo+ 

d / e~^-dr] u (by g22D) = Zoo (since Ar?o = 0). 



In particular, for any Borel set A, 

P (U Tz G A\T Z < oo) = P(Z 00 G A). (4.23) 
Next note that if uj G {T 2 < oo} then by definition of £7, 

= e-^(^ + f/ T J. 



This implies that 

P(T Z < oo, z + < 0) = P{T Z < oo, Vt, + U Tz < 0). (4.24) 

Finally note that (Z^ < —z) C (T < oo) since the convergence from Z t to is a.s. 
Thus 

P (z + Zoo < 0) = P (T 2 < oo, Z + Zqo < 0) 

= P(T z <oo,V^ + [/ rz <0) (bygJl) 

= P (P(T 2 < oo, 7 T , + U Ta < 0|^tJ) 

= / P (Ft, + E% < 0|^ Tz ) (uj)P(dLu). 

JT z <oo 

But if T 2 (u;) < oo then 

P (Vr, + U Tz < 0\^ Tz ) (w) = P {V Tz (uj) + U Tz < 0\^ Tz ) (u) 

= P (U Tz < -V Tm (u)\T z < oo) 
= P(Zoo<-lr») (byg^l). 
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The second last equality follows since Ut z conditioned on T z < oo is independent of &t z - 
Thus we obtain the required formula from 
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